Abstract Both bi-harmonic maps and f -harmonic maps have some nice physical motivation and applications. Motivated largely by f -tension field not involving Riemannian curvature tensor, we attempt to formalize some large objects so as to broaden the notions of f -tension field and bi-tension field. We introduce a very large generalization of harmonic maps called f -bi-harmonic maps as the critical points of f -bi-energy functional, and then derive the Euler-Lagrange equation of f -bi-energy functional given by the vanishing of f -bi-tension field. Subsequently, we study some properties of f -bi-harmonic maps between the same dimensional manifolds and give a non-trivial example. Furthermore, we also study the basic properties of f -bi-harmonic maps on a warped product manifold so that we could find some interesting and complicated examples.
Introduction
Harmonic maps as a generalization of important concepts of geodesics, minimal surfaces and harmonic functions, have been studied extensively with tremendous progress in the past forty years. More recently, the research in the field of Riemannian geometry was partly characterized by the study of some fourth order partial differential equations. Whether the origin of these equations is analytic, as in the case of the Paneitz operator, or geometric, as in the case of Willmore surfaces, they represent a generalization of the concept of harmonic map. A natural extension of harmonic maps, called bi-harmonic maps, was suggested by Eells and Sampson [15] . Some results in this field were obtained by Jiang [16, 17] . Since 2000, bi-harmonic maps have been receiving a growing attention and have become a popular subject of study with many progresses (e.g., [2, 3, 5] , etc.).
On the other hand, f -harmonic maps between Riemannian manifolds (as a generalization of harmonic maps) were first introduced and studied by Lichnerowicz [19] (see also Subsection 10.20 in Eells and Lemaire's report [14] ). The study of f -harmonic maps comes from a physical motivation, since in physics, f -harmonic maps can be viewed as stationary solutions to the inhomogeneous Heisenberg spin system (see [18] ). First motivated by the physical interpretation of f -harmonic map (see [18, 23, 27 ]), we borrowed from the method for studying bi-harmonic maps in [5, 26] to investigate the behavior of f -harmonic maps Lu W J Sci China Math July 2015 Vol. 58 No. 7 from or into doubly warped product manifold (WPM). We derived some characteristic equations for fharmonicity and also constructed some non-trivial examples [20] . Subsequently, we found that f -tension field does not involve the Riemannian curvature tensorR on warped product manifold. To make amendments for this shortcoming, we tend to formulate a new type of tension field which contains the Riemannian curvature component similar to bi-tension field. Naturally, we focus on constructing a field so-called bi-f -tension field or f -bi-tension field for combining the benefits of both f -tension field and bi-tension field.
We hope that there exists a large class of harmonic maps which relate bi-harmonic maps and fharmonic maps. There are two ways to formalize such a link between bi-harmonic maps and f -harmonic maps. The first formalization is that by mimicking the theory of bi-harmonic maps, we can extend the bi-energy functional to bi-f -energy functional and obtain a new type of harmonic maps called bi-fharmonic maps. This idea was already considered by Ouakkas et al. [25] . They used the terminology "f -bi-harmonic maps" as critical points of the bi-f -energy functional. In the context of this paper, we prefer the name "bi-f -harmonic map" to "f -bi-harmonic map" in [25] , since "bi-f -harmonic map" is parallel to "bi-harmonic map", whereas "f -bi-harmonic map" is parallel to "f -harmonic map". The second formalization is that by following the concept of f -harmonic map, we can extend the f -energy functional to f -bi-energy functional and obtain another type of harmonic maps called f -bi-harmonic maps as critical points of the f -bi-energy functional.
Which formalization is better? Of course, we hope that f -bi-harmonic maps or bi-f -harmonic maps can preserve the main properties of both bi-harmonic maps and f -harmonic maps. In fact, we will see that bi-f -harmonic maps generalize not only the f -harmonic maps but also bi-harmonic maps, whereas f -bi-harmonic maps only generalize the bi-harmonic maps. In addition, Ouakkas et al. [25] gave the first variation of the bi-f -energy functional, but did not give a single example of proper bi-f -harmonic map which is neither harmonic nor f -harmonic map. However, for f -bi-harmonic map, there are many proper f -bi-harmonic maps (see [24] ).
In this paper, our main notion is f -bi-harmonic map, which is defined as follows.
for every compact domain Ω ⊂ M . A map φ is called an f -bi-harmonic map if it is a critical point of the f -bi-energy functional.
By the first variation, we derive the Euler-Lagrange equation which gives the f -bi-harmonic map equation. This is our first main result as follows.
Proposition 1.2 (See Propositions 3.5 and 3.6).
Let
where the bi-tension field
This result implies that our notion of f -bi-harmonic map (τ 2,f (φ) = 0) generalizes not only the notion of harmonic map but also the notion of bi-harmonic map.
Noting the progresses on bi-f -harmonic map such as [9] [10] [11] , together with [1, 13], we use the f -biharmonic map equation (1.2) to study f -bi-harmonicity of conformal maps between Riemannian manifolds with same dimensions and some special maps from or into singly warped product manifold (WMP). We describe the behavior of f -bi-harmonicity and try to construct some examples of proper f -harmonic maps, see Sections 4 and 5.
The organization of this paper is as follows. The second section is preliminaries, which include: (i) some basic definitions such as harmonic maps, bi-harmonic maps, f -harmonic maps and doubly/singly warped product manifold (WMP); (ii) the more explicit expressions of the connection∇ and curvature
